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Lattice QCD simulations at finite chemical potentials

Hiroaki Kouno*

Abstract: The results of the lattice QCD simulations at real isospin and imaginary quark number
chemical potentials, which is free from the sign problem, are shown. At finite temperature, the results
can be well reproduced by the effective model of QCD. On the contrary, at low temperature, the present
effective model underestimates the lattice QCD result. Possible improvements of the effective model are

discussed.
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1. Introduction

The studies of QCD phase transition at finite
temperature and finite density are important subjects not
only in nuclear and elementary particle physics but in
astrophysics and cosmology. It is expected that quarks,
which are confined in a baryon and are heavy, become
free and light at high temperature and/or high density.
The transitions are called the deconfinement transition
and the chiral symmetry restoration, respectively. At high
temperature but at zero quark number density (or,
equivalently, zero quark number chemical potential), the
QCD transitions have been well studied by using the
Monte Carlo lattice QCD simulations. At zero density, it
was established that the both transitions are not pure
phase transitions but continuous crossover transitions [1].
The equations of states of hot QCD matter have been
also well analyzed. However, at finite quark number
chemical potential, there is a famous sign problem and
the lattice QCD simulations are not feasible there. When
the quark number chemical potential is introduced in the
lattice QCD, the effective action, which appears after
quark field integration in path integral calculation, is
complex and the Monte Carlo simulations cannot work
well. To circumvent this problem, several methods were
proposed. One of them is the imaginary chemical
potential approach [2][3]. When the quark number
chemical potential is pure imaginary, the effective action
is real and positive, the Monte Carlo method can work.
From the results at imaginary chemical potential, the
results at real chemical, which we want to know, can be
obtained by the analytical continuation.
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On the other hand, it is known that the lattice QCD
has no sign problem when the isospin chemical potential
is real and finite [4]. Furthermore, it was shown that the
lattice QCD with real isospin and imaginary quark
number chemical potentials has no sign problem [5]. The
lattice QCD simulations are also feasible in this case.

In this brief report, we report the results of the lattice
QCD simulation with real isospin and imaginary quark
chemical potentials. This paper is organized as follows.
In Sec. 2, we review the sign problem briefly and explain
our approach. In Sec. 3, numerical results are shown.
Section 4 is devoted to summary and discussions.

2. Sign problem

In this section, we consider two flavor QCD. In QCD
at finite temperature and density, the partition function Z
is given by the following path-integral form.

Z =jDUDqDaexp(—sQG ~S.)
s _

Sec :jdrjd3quq
0

where U and q are gluon and quark field variables,
respectively, and f=1/T. M is the matrix which depends
on the imaginary time t, the spatial coordinate X, the
color and flavor indices, spinor indices, temperature T
and the quark chemical potential p. Hereafter, we only
show the chemical potential dependence of M, explicitly.
Sc is the pure gluonic action the concrete form of which
is not important in our discussions and we do not show it
explicitly.

After integration of quark field, Z becomes as the
following form.
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Z= j DU det[M (z)]exp(=Sg)

It is easily shown that the determinant satisfies the
following relation.

det[M (w)]" = det[M (= )]

Hence, the determinant is not real when p is real and
finite. In this case, we cannot regard the integrand as a
probability function and the Monte Carlo simulations are
not feasible.

On the contrary, if p is pure imaginary, the
determinant is real and nonnegative, and the Monte Carlo
simulations work well [2][3]. The physical results at real
chemical potential may be obtained by the analytic
continuation from the “unphysical” results at the
imaginary chemical potential.

There is a one more case where the sign problem
does not exist. Consider the real isospin chemical
potential p, instead of the quark number chemical
potential. In this case, the quark determinant becomes the
following form.

det[M (z, )]det[M (-, )]

Here the first determinant represents the u quark
contribution and the second does the d quark one. Hence,
we obtain

det[M (u, )]det[M (-, )]
= det[M (, )]det[M (u,)]

=| det[M (1,11’

For two flavor case, the above equation is
nonnegative and the Monte Carlo simulations work well.
Furthermore, if p is pure imaginary and p, is real, the
determinant becomes

det[M (g, )]det[M (-, )]
= det[M (&, + )]det[M (1, + )]’

= det[M (u, + )]I°

In this case, the Monte Carlo simulations are also
feasible [5]. The results with finite real isospin and quark
number chemical potential may be obtained by the
analytic continuation along the p axis. This fact is very
important for nuclear physics and astrophysics, since
high density matter in a compact star such as a neutron
star is expected to have large isospin number density as
well as the large quark number density.

3. Numerical results

The lattice action and the parameter settings used in
this study are the same as the ones used in Ref. [6], but a
lattice with the spatial size 123 and the temporal sized 4
is used. We used the renormalization-group-improved
Iwasaki gauge action [7] and the clover-improved
two-flavor Wilson quark action [8]. The simulations were
done by the Hybrid Monte Carlo program based on the
Lattice QCD Tool Kit [9]. See Ref. [6] for the detail.

Once the results at the imaginary quark number
chemical potential are obtained, the result at real
chemical potential may be obtained by the analytical
continuation. However, here we postpone the analytical
continuation of our lattice simulation results. Instead, we
compare our lattice QCD results with the one obtained
by the effective model. If the effective model can
reproduce the lattice data, it can be justified to
investigate QCD at real chemical potential by using the
effective model instead of the lattice QCD itself.

Figure 1 shows the 6-dependence of quark number
density at high temperature (T=1.35T.) and pi =0.4T,
where  0=Im(p)/T and T. is the pseudocritical
temperature at p=w;=0. The dots with error bars
represent the lattice simulations results, while curves
represent the result of the effective model proposed in
Ref. [10]. The model is based on the PNJL model [11,12].
The PNJL model has the quark field and the
Polyakov-loop as dynamical variables. To reduce the
finite lattice volume effects, we normalized the lattice
results by the results of Stefan-Boltzmann limit on the
same size lattice, while the effective model results are
normalized by the same limit in the continuum theory.
Note that the normalized result is real, although the
chemical potential and the unnormalized density are pure
imaginary. The normalized number density has small
0-dependence. But this does not mean that the
unnormalized number density itself is almost constant. It
is approximately proportional to the Stefan-Boltzmann
limit. This tendency hardly depends on the isospin
chemical potential. We also see that the effective model
well reproduces the lattice data.

Figure 2 shows the same as Fig. 1 but for T=1.08T..
The normalized quark number density decreases as 0
increases. This tendency may be related with the
spontaneous chiral symmetry breaking. It is known that
the effects of the spontaneous breaking of the chiral
symmetry becomes large as 0 increases. Hence, quarks
are less thermally excited at large 6 when T is not
large enough. We also see that the effective model
underestimates the lattice data. The same tendency has
been seen at lower temperature. This shortcoming of the
effective model is originated in the fact that the hadron
contributions are not correctly included in the effective
model.

Figure 3 shows the same as Fig. 1 but for the isospin
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number density. Note the isospin number density is real,
since p; is real. We see that the effective model well
reproduces the lattice data as in the case of the quark
number density.
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Fig. 1 The 0-dependence of the quark number density.
T=1.35T. and p;=0.4T.
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Fig. 2 The 8-dependence of the quark number density.
T=1.08T. and p;=0.4T.
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Fig. 3 The 0-dependence of the isospin number density.
T=1.35Tc and p,=0.4T.

Figure 4 shows the same as Fig. 3 but for
T=1.08T.. As is in the case of the quark number density,

the normalized isospin density decreases as 0 increases.
We also see that the effective model underestimate to the
lattice data. The same tendency has been seen at lower
temperature.
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Fig. 4 The 8-dependence of the isospin number density.
T=1.08T. and p;=0.4T.

4. Summary and discussions

In this report, we report the results of the lattice QCD
result with finite real isospin chemical potential and
finite imaginary quark number chemical potential. At
high temperature, the normalized quark number and
isospin densities do not depend much on the imaginary
chemical potential. This means that the unnormalized
quark number and isospin densities are approximately
proportional to the Stefan-Boltzmann limits. It may be
expected that this tendency happens even at real p. On
the contrary, at low temperature, the normalized densities
decrease as 0 increases. This fact may indicate that the
effect of spontaneous chiral symmetry breaking becomes
larger as 0 increases.

It is also seen that the present effective model well
reproduces the lattice data at high temperature, but
underestimates the lattice data at intermediate and low
temperatures. This shortcoming of the effective model
may be originated in the fact that the hadron
contributions are not correctly included in the model. It
has been suggested that the contributions of hadron
resonance gas are important for analyzing the equations
of states of QCD matter. (See, e.g., Ref. [13], and the
references therein.) It must be needed to improve the
effective model to include the hadron effects correctly by
connecting quark-type model and the hadron resonance
gas model. It is an important study in future.
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Environmental Concern over global warming potential
(GWP) of conventional refrigerants has motivated
researchers to find alternative fluids with low GWP.
Hydrofluoroolefins (HFOs), Hydrochloro-fluoroolefins
(HCFOs) and Hydrofluoroether (HFEs) families are the
most promising candidates to design high temperature
heat pump and organic Rankine cycle because of their
favorable properties especially low-GWP. Viscosity and
thermal conductivity are key transport properties to
design the process and heat exchangers. Therefore, the
motivation of this research is to measure the viscosity
and thermal conductivity of next generation potential low
GWP working fluids. The viscosities and thermal
conductivities  of  R-1233zd(E), R-1336mzz(Z),
R-1234ze(Z), R-356mmz, R-1224yd(Z) and mixture
(R-1123+R-32) were measured over a wide range of
temperature and pressure in this study. The Tandem
capillary tubes method is used to measure viscosity. In
this method, the pressure drop of a laminar flow was
measured to determine the viscosity of test fluids.

The Tandem capillary tubes method based on the
Hagen-Poiseuille equation with considering pipe end and
kinetic corrections. Two capillary tubes were connected
in series in the test section to minimize the end effects of
capillary tubes. For R-1233zd(E), the viscosity was
measured from temperature 314 to 434 K at pressures
from 1.0 to 4.07 MPa for liquid phase and from 394 to
474 K with pressures from 1.0 to 3.06 MPa for vapor
phase. For R-1336mzz(Z), the viscosity was measured
from temperature 314 to to 434 K at pressures from 0.5
to 4.06 MPa for liquid phase and from 375 to 475 K with
pressures from 0.5 to 2.0 MPa for vapor phase. For
R-1234ze(Z), the viscosity was measured from
temperature 313 to 414 K at pressures from 0.5 to 4.0
MPa for liquid phase and from 354 to 455 K with
pressures from 0.5 to 3.0 MPa for vapor phase. For
R-356mmz, the kinematic viscosity was measured from
temperature 313 to 453 K at pressures from 1.0 to 4.0
MPa for liquid phase and from 393 to 454 K with

pressures from 0.5 to 2.0 MPa for vapor phase. For
R-1224yd(Z), the viscosity was measured from
temperature 303 K to 424 K at pressures from 1.0 MPa
to 4.0 MPa for liquid phase and from 394 K to 475 K
with pressures of 1.0 MPa to 3.0 MPa for vapor phase.
For mixture (R-1123+R-32), the viscosity was measured
from temperature 251 K to 313 K at pressures from 3.0
MPa to 4.0 MPa for liquid phase and from 354 K to 364
K with pressures of 3.0 MPa to 4.0 MPa for vapor phase.

On the other hand, the well-known transient hot wire
method is used to measure the thermal conductivity of
fluids. Two thin (diameter 15pm) platinum wires in
parallel connection have used in this hot wire apparatus
as short and long wire, which is worked as both electrical
heat source and resistance thermometer to measure the
temperature rise during experiments. In addition, the two
wires compensating system was considered to eliminate
the axial heat conduction. The temperature ranges were
considered for the measurements from around room
temperature to high temperature for pure working fluids
as well as for mixture in this study. For R-1233zd(E), the
thermal conductivity was measured from temperature
313 to 433 K at pressures from 1.0 to 4.1 MPa for liquid
phase and from 334 to 474 K with pressures from 0.15 to
1.55 MPa for vapor. For R-1336mzz(Z), the thermal
conductivity was measured from temperature of 314 to
435 K at pressures from 0.5 to 4.0 MPa for liquid phase
and from 321 to 496 K with pressures from 0.10 to 2.0
MPa for vapor. For R-1234ze(Z) the thermal
conductivity was measured from temperature 313 to 423
K at pressures from 1.0 to 4.18 MPa for liquid phase and
from 354 to 452 K with pressures from 0.20 to 1.59 MPa
for vapor phase. For R-356mmz, the thermal
conductivity was measured from temperature 319 to 462
K at pressures from 0.5 to 4.0 MPa for liquid phase and
from 393 to 452 K with pressures from 0.18 to 1.57 MPa
for vapor.

Uncertainties of measured data of viscosity and
thermal conductivity have calculated by the method of
propagation uncertainty. The estimated combined
standard uncertainties were about 3.0% for viscosity and
2.0% for thermal conductivity in this study. Prediction of
the viscosity and thermal conductivity of low GWP
working fluids is the key issue in commercial area.
Simplified correlations are developed for the viscosity
and thermal conductivity at saturation conditions for
above mentioned refrigerants. Also, the extended
corresponding states (ECS) models were applied to
predict the viscosity and thermal conductivity of next
generation refrigerant R-1233zd(E), R-1336mzz(Z) and
R-1234ze(Z). Predicted values with the ECS models are
compared with measured data of viscosity and thermal
conductivity. In addition, viscosity and thermal
conductivity shape factors are introduced to improve the
prediction capability.
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A high-density radio frequency (RF) magnetized
sputtering plasma source with a rotational square-shaped
magnet arrangement for uniform target utilization has
developed. Eight neodymium rod magnets of 30 x 5 x 3
mm, where the connection between N-pole and S-pole
magnets is one side of the square, are mounted on a
circular iron yoke disc and an iron cover of 5 x 3 x 1 mm
is also used for magnetic shielding of otiose magnetic
fields from the permanent magnets. The magnetic field
simulation, the measurement of the target erosion and the
time-averaged ion flux to the target have been
investigated for case (a) without iron cover, no air gap
between N-pole and S-pole magnets, case (b) with iron
cover, no air gap, and case (c) with iron cover, 5 mm air
gap, respectively. It is found that the iron covers suppress
the horizontal magnetic flux density and the copper
target utilization percentage increases from 74.15 % to
87.49 %. Moreover, by decreasing the air gap between
the shielded magnets, the copper target utilization
percentage rises from 83.85 % to 87.49 %. The target
utilization as well as the time-averaged ion flux to the
target are optimum for case (b).

A gyratory square-shaped capacitive radio-frequency
(RF) discharge plasma sputtering source is proposed for
materials processing and functional film preparation,
composed of magnet arrangements consisting of eight
neodymium bar magnets of dimensions 30 mm x 5 mm X
3 mm. In order to evaluate its performance, two
square-shaped magnetic arrangements were investigated:
case (a) without iron shielding and case (b) with iron
shielding of dimensions 5 mm % 3 mm % 1 mm. The film
thickness and the resistivity profiles of case (b) are more
uniform than their corresponding profiles in case (a). The
lowest electrical resistivity of the film is 4.33 x 10 Q-m
at r = 30 mm for case (b), which is of the same order as

the bulk resistivity of the copper. The roughnesses of the
film thickness profile for cases (a) and (b) are + 24.4%
and £ 7.2%, respectively. Using atomic force microscopy
(AFM) analysis, the film surface for case (b) was
observed to show an improved smooth surface with
reduced needle-shaped grain size, as well as a lower
surface roughness than that of case (a). The surface
roughness of the films is approximately 3.73 nm and
2.49 nm for case (a) and case (b), respectively. From the
X-ray diffraction (XRD) patterns, the film texture, the
relative intensity ratios of the (111) peak to the (200)
[I(111)/ 1(200)] were found to be 13.76 and 4.08 for the
cases (a) and (b), respectively.

To improve the target erosion near the edge, the outer
ring-shaped RF magnetized plasma is produced near the
chamber wall by a monopole magnet scheme. Three
monopole magnet schemes such as the setups (a) R =5
mm, (b) R = 20 mm and (¢) R = 35 mm has been
investigated are chosen, where “R” is the gap distance
between magnets in consecutive circles. Distributions of
the 2D magnetic flux lines, absolute value of the
horizontal magnetic flux density and discharge voltage
are investigated for the proposed setups to produce outer
ring-shaped plasma. A high luminous ring-shaped
plasma is observed for (b) R = 5 mm, whereas multi-ring
discharges are observed for (b) R = 20 mm and (c) 35
mm. It is found that the electron temperature decreases
with increasing gas pressure for the all cases. The
electron temperatures were 2.42, 1.71 and 1.15 eV at Ar
gas pressure of 4 Pa for the setup (a), (b), and (c),
respectively. The plasma density is approximately same
for the setups (b) and (c) at all gas pressure. The highest
plasma densities were 6.26x10', 1.06x10'® and
1.11x10' m™ at 5 Pa for the setups (a), (b), and (c),
respectively. Radial profile of ion saturation current for
case (b) R =20 mm is more uniform than that for case (a)
R =5 mm and case (c) R = 35 mm set up.

The capacitively coupled RF outer ring-shaped
magnetized plasma discharge is developed with a
concentrically monopole arrangement of magnets to
erode the target in a specific area, in especial, near the
chamber wall. The three concentric monopole magnet
arrangements with a center magnet, and magnets in
setups (a) three circles, (b) two circles, and (c) one circle
were investigated. From the magnetic flux lines profiles,
it was found that the magnetic flux density in component
parallel to the target surface has a peak magnitude in the
outer circle of magnets for all setups. Ring-shaped
plasma in the specific outer area was observed. The
results showed that the target utilization could be
controlled in the outer specific area near the wall.

A pulsed direct current discharge ring—shaped plasma
source has been proposed using single pole magnet
arrangements, including a center magnet, with magnets
in the setups (a) one circle, (b) two circles, and (c) three
circles. The strong ring—shaped plasma discharges was
observed for all setups. The typical discharge voltages
were 1.0, 0.6, and 0.6 kV for setups (a), (b), and (c),
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respectively. Setup (b) has the best profile among the
three setups.
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